We explore connections between geometric properties of the Levi foliation of a Levi-flat hypersurface M and holomorphic convexity of compact sets in M or bounded in part by M . We indicate applications to extendability of Cauchy-Riemann functions and solvability of the ∂ b -equation.
Introduction
A compact set in a complex manifold is said to be a Stein compact if it admits a fundamental basis of open Stein neighborhoods. (For the theory of Stein manifolds see [22] and [27] .) In this paper we consider the existence of Stein compacts in Leviflat hypersurfaces, or bounded in part by such hypersurfaces. A real hypersurface M in an n-dimensional complex manifold is Levi-flat if it is foliated by complex manifolds of dimension n − 1; this Levi foliation is as smooth as M itself according to Barrett and Fornaess [6] . The manifold X in theorem 1.1 need not be Stein. The operator dd c = 2i∂∂ is the pluricomplex Laplacian annihilating local pluriharmonic functions ( §2). The assumption in theorem 1.1 is that M = {v = 0} for some v ∈ C 3 (X) satisfying dv| M = 0 and j 1 (dd c v)| M ∩U = 0 for an open set U ⊂ X containing A, j 1 (dd c v) being the total first order jet of (the components of) the (1, 1)-form dd c v. The existence of such asymptotically pluriharmonic defining function for M is equivalent to the existence of a nonvanishing closed one-form of class C 2 which defines the Levi foliation of M (condition (a)); proposition 3.1. Each of the remaining conditions (b)-(e) implies (a). If 0 is a regular value of ρ| M then already the weaker assumption j 1 (dd c v)| A = 0 gives a basis of Stein neighborhoods of A which admit strong deformation retractions onto A.
Another interesting point is that, with v as in theorem 1.1, the function − log v+ρ is strongly plurisubharmonic near A on the side v > 0 and blows up along A; the analogous conclusion holds for − log(−v) + ρ on the side v < 0 (remark 3.8).
The main motivation for theorem 1.1 were applications to the extendability of Cauchy-Riemann (CR) functions and local solvability of the ∂ b -equation without shrinking the domain. Consider the following setup:
(1) X is an n-dimensional Stein manifold (n ≥ 2), (2) D ⊂⊂ X is a smoothly bounded strongly pseudoconvex domain, In this setting we have the following addition to the main theorem.
Theorem 1.2. Let X, M, D, A be as in (1)-(4), with bD of class C 2 . If one of the conditions in theorem 1.1 holds then the closure of every connected component of D\M is a Stein compact in X.
Assuming the above setup we consider the following analytic conditions; (A2) and (A3) are relevant only if n ≥ 3. Since all Dolbeaut cohomology groups vanish on a Stein compact, theorems 1.1, 1.2 and 1.3 together imply Corollary 1.4. Assuming the setup (1)-(5), each of the conditions in theorem 1.1 implies that (A1), (A2) and (A3) hold.
Results on extendability of CR functions from caps ω ⊂ bD have been obtained in [29] , [30] , [33] , [34] , [35] ; for solutions of the ∂ b -equation on ω without estimates up to the boundary see [32] and with L p and Sobolev estimates see M.-C. Shaw [44] , [45] .
The sufficient conditions (a), (b) and (c) in theorems 1.1, 1.2 and corollary 1.4 are fairly close to optimal-the conclusions fail in general if M is real analytic but the fundamental group of A has an element of infinite order, or if the Levi foliation has nontrivial holonomy. In §7 we describe an oriented, real analytic, Levi-flat hypersurface M ⊂ C * × C which divides a certain strongly pseudoconvex domain D in two connected components D\M = D + ∪ D − satisfying the following:
-the fundamental group of A = M ∩ D is infinite cyclic, -the Levi foliation of M is simple in the complement of a closed leaf L 0 = C * ×{0} ⊂ M , but is not simple in any neighborhood of L 0 due to nontrivial holonomy of L 0 , -none of the sets A = M ∩ D, D + and D − is a Stein compact, and -there is a continuous CR function on ω = bD + \A which does not admit a holomorphic extension to D + .
The example, which is based on the worm domain of Diederich and Fornaess [13] , was suggested to us by J.-E. Fornaess to whom we offer our sincere thanks.
In the proofs we combine complex analytic methods and the theory of codimension one foliations. The existence of a defining function satisfying j 1 (dd c v)| M = 0 gives a Stein neighborhood basis of any compact subset A ⊂ M satisfying the hypotheses of theorem 1.1, and also of the closure of any connected component of D\M in theorem 1.2 (theorems 3.4 and 3.6). Furthermore, M admits an asymptotically pluriharmonic defining function if and only if its Levi foliation is given by a nonvanishing closed one-form (proposition 3.1). This simple but important observation (which has been made in the real analytic case by D. Barrett [5] ) ties the complex analytic properties of M with the geometric properties of its Levi foliation.
In sections §4- §6 we consider sufficient conditions for a transversely orientable codimension one foliation L to be defined by a closed one-form. In §4 we look at the case when L is a simple foliation. By Haefliger and Reeb [24] the space of leaves Q = M/L admits the structure of a smooth, one dimensional, possibly non-Hausdorff manifold such that the quotient projection π : M → Q is a smooth submersion. (In particular, all leaves of L are topologically closed.) Such Q need not admit any nonconstant smooth functions or one-forms. However, if A ⊂ M is a compact subset with C 2 boundary which is in general position with respect to L then Q A = A/L admits a nowhere vanishing smooth one-form θ (theorem 4.2); its pull-back α = π * θ is then a smooth closed one-form defining the restricted foliation L A , thus establishing the implication (b)⇒(a) in theorem 1.1. (If A is simply connected then Q A actually admits a function with nowhere vanishing derivative [24] ). Even if M is real analytic, α cannot be chosen real analytic, not even on bounded contractible domains in M [17]. The restriction to compact subsets of M is essential (Wazewski [46] ).
The implication (c)⇒(a) in theorem 1.1 relies on a classical theorem of Haefliger [23] (theorem 5.1), (d)⇒(a) follows from a stability theorem of Reeb and Thurston (theorem 4.8), and (e)⇒(a) employs an elementary argument (theorem 6.1).
In §8 we illustrate the scope of our results on a family of examples obtained by complexifiying piecewise real analytic codimension one foliations on real analytic manifolds. In this class of Levi-flat hypersurfaces one can perform certain standard operations such as the construction of Reeb components, turbulization along a closed transversal and spinning along a transverse boundary component.
Preliminaries
We recall some relevant notions concerning foliations and Levi-flat hypersurfaces; a knowledgeable reader should skip directly to §3. Our general references for the theory of foliations will be [11] , [19] , [26] .
Let M be a real manifold of dimension m and class C r , r ∈ {1, 2, . . . , +∞, ω}. A foliation L of codimension one and class C r on M is given by a foliation atlas U =
where b ij is a diffeomorphism between a pair of intervals in R. Each leaf L ∈ L intersects U j in at most countably many plaques {x ∈ U j : h j (x) = c ∈ I j }. The collection {b ij } is called a holonomy cocycle, or a Haefliger cocycle determining L [11] , [23] . A foliation is transversely orientable (resp. transversely real analytic) if it admits a foliation atlas in which all diffeomorphism b ij preserve the orientation of R (resp. are real analytic). A continuous function u : M → R is a first integral for L if u has no local extrema and is constant on every leaf of L; u ∈ C 1 (M ) is a noncritical first integral if in addition du = 0 on M .
A closed loop γ in a leaf L ∈ L determines the germ of a diffeomorphism ψ γ (the holonomy of γ) on any local transversal ⊂ M at a point x 0 ∈ γ, depending only on the homotopy class [γ] ∈ π 1 (L, x 0 ). The induced map of π 1 (L, x 0 ) to the group of germs of diffeomorphisms of ( , x 0 ) is called the holonomy homomorphism of L. The foliation L has trivial leaf holonomy if ψ γ is the germ of the identity map for any loop γ contained in a leaf of L. L admits one-sided holonomy if there exists ψ = ψ γ as above, defined on a local transversal at some x 0 ∈ L ∈ L, which equals the identity map on one side of x 0 but not on the other side. A transversely real analytic foliation has no one-sided holonomy.
Let X be a complex manifold with the complex structure operator J. The operator d c is defined on functions by d c v, ξ = − dv, Jξ for ξ ∈ T X. In local holomorphic coordinates (z 1 , . . . , z n ), with z j = x j + iy j and J( ∂ ∂xj ) = ∂ ∂yj , we have d c v = n j=1 − ∂v ∂yj dx j + ∂v ∂xj dy j . Then d = ∂ + ∂, d c = i(∂ − ∂), and dd c = 2i∂∂ is the pluricomplex Laplacian annihilating pluriharmonic functions.
Let M ⊂ X be a real hypersurface given by
is Levi-flat if this form vanishes identically. This is equivalent to dd c v ∧ d c v = 0 on T M which is just the integrability condition for T C M = ker d c v| T M . By Frobenius' integrability theorem the latter is equivalent to the existence of a codimension one foliation of M by manifolds tangent to T C M , that is, by complex hypersurfaces. (For Levi-flat hypersurfaces of low regularity see [2] and [41] .)
Asymptotically pluriharmonic functions and Stein compacts
We denote by j r α the r-jet extension of a function or (the components of) a differential form α. The following establishes the equivalence of the first two conditions in theorem 1.1. Proposition 3.1. Let M be an oriented closed Levi-flat hypersurface of class C r (r ≥ 2) in a complex manifold X. The following are equivalent:
then v can be chosen pluriharmonic in a neighborhood of M in X. A function f satisfying j r−1 (∂f )| M = 0 is said to be asymptotically holomorphic of order r − 1 on M , and a function v satisfying j r−2 (dd c v)| M = 0 is asymptotically pluriharmonic of order r − 2 on M . The equivalence (i)⇔(ii) has been proved in the real analytic case by D. Barrett ([5] , proposition 1, p. 461).
Locally near a point x 0 ∈ M we have α = −du for some C r function u which is unique up to an additive constant. Since u is constant on the leaves of L and hence a Cauchy-Riemann (CR) function on M , it admits a C r extension f = u + iv to an neighborhood U ⊂ X of x 0 such that j r−1 ∂f | M ∩U = 0; such f is unique up to a term which is flat to order r along M ([10], p. 147, theorem 2 and the remark following it). Since dd c = 2i∂∂, the above implies j r−2 dd c (u + iv)| M ∩U = 0. As dd c is a real operator, it follows that j r−2 dd c u| M ∩U = 0 and j r−2 dd c v| M ∩U = 0. Thus v satisfies condition (i) on M ∩ U . Any two local functions v obtained in this way differ only by an r-flat term, and hence we obtain a global function v with these properties by patching with a smooth partition of unity along M .
If M is simply connected and T L = ker α with dα = 0, we have α = −du for some u ∈ C r (M ). The same argument as above gives an asymptotically holomorphic extension f = u + iv into a neighborhood of M in X (holomorphic in the real analytic case). This shows the equivalence of (iii) with (i) and (ii). Proof. Choose a smooth Hermitean metric on X and denote by |ξ| the associated norm of any tangent vector ξ ∈ T X. Shrinking U around A we may assume that v is defined on U and satisfies dv = 0 and j 1 (dd c v)| M ∩U = 0. By further shrinking of U we may also assume that |dv| and dd c ρ > 0 are bounded and bounded away from zero on U . The distance of a point
For sufficiently small > 0 we have dv ± = ±dv + dρ = 0 on U and hence Γ ± are C 2 hypersurfaces satisfying Γ ± ∩ D ⊂ U ± and Γ + ∩ Γ − = E. The domain Ω is bounded in part by Γ ± and by {ρ = }. As → 0, Ω shrinks to A.
It remains to show that Ω is a Stein domain for sufficiently small > 0. To see this we first prove that v ± are strongly plurisubharmonic on Ω provided is sufficiently small. By the choice of U there is
Inserting in the above inequality gives
which is positive for sufficiently small > 0 and ξ = 0. Choose a smooth strongly increasing convex function h : (−∞, 0) → R with lim t→0 = +∞. Then
is a strongly plurisubharmonic exhaustion function on Ω and hence Ω is Stein ( [27] , Theorem 5.2.10, p. 127).
Remark 3.5. If we assume in theorem 3.4 that 0 is a regular value of ρ| M (which means that {ρ = 0} intersects M transversely along bA) then our proof gives the same conclusion under the weaker assumption that j 1 (dd c v) vanishes on A.
Indeed, transversality implies that the maximal distance of points in Ω from A is comparable to and hence our estimates show as before that Ω is a Stein domain.
Theorem 3.6. Let X be a Stein manifold, D ⊂⊂ X a strongly pseudoconvex domain and M ⊂ X a C 3 -smooth Levi-flat hypersurface intersecting bD transversely.
where ρ is strongly plurisubharmonic function in a neighborhood of D. We may assume that v > 0 in D + locally near M ∩ D. For sufficiently small > 0 the hypersurface Γ − , constructed in the proof of theorem 3.4, intersects the hypersurface {ρ = } transversely and together they form the boundary of a domain Ω containing D + . By a similar argument as in the proof of theorem 3.4 it can be shown that Ω is Stein; as → 0, Ω shrinks down to D + . A similar argument applies to D − . If D\M consists of more than two connected components then one applies the above argument at each connected component of M ∩ D.
Remark 3.7. Theorem 3.6 can be generalized to compacts 
we see that the first term vanishes on M , the second term is nonnegative for every v, and the last term is positive since ρ is strongly plurisubharmonic. The analogous observation holds for − log(−v) + ρ from the side {v < 0}.
Simple foliations
In this and the following section we consider sufficient conditions for a transversely orientable codimension one foliation L on a manifold M to be defined by a closed one-form. We begin by recalling some known facts.
1. L is defined by a closed one-form if and only if it admits a foliation atlas whose holonomy cocycle ( [11] , p. 28; [23] ) consists of translations in R.
2. A foliation defined by a closed one-form α has trivial leaf holonomy. Indeed, if γ is a loop contained in a leaf L ⊂ L then γ α = 0 (since α vanishes on T L) and hence α = du in a neighborhood of γ. Since du = α = 0, u is a first integral of L which is injective on every local transversal to L, and the observation follows. Conversely, a transversely orientable codimension one foliation L without holonomy and of class C r (r ∈ {2, . . . , +∞}) is topologically, but in general not diffeomorphically conjugate to a C r foliation defined by a closed nonvanishing one-form (Sacksteder [40] ; [11] , §9.2 and p. 218).
4. The Godbillon-Vey class of a foliation L given by a smooth one-form α is
, p. 38, [18] , [20] ). Clearly dα = 0 implies gv(L) = 0. Globally such one-form need not exist even if M is simply connected [46] . We begin by recalling from [24] some relevant results on leaf spaces of simple foliations. The C r structure on the leaf space Q = M/L is uniquely determined by the requirement that the restriction of the quotient projection π : M → Q to any local
To prove theorem 4.2 it would suffice to find a nonvanishing one-form θ on the leaf space Q = M/L; it's pull-back α = π * θ is then a nonvanishing one-form on M satisfying ker α = T L. Unfortunately a non-Hausdorff manifold Q need not admit any nonconstant C 1 functions or one-forms (Wazewski [46] ; [24] ). However, one can do this on compact subsets as we shall now explain.
A point q in a non-Hausdorff manifold Q is said to be a branch point if there exists another point q ∈ Q, q = q , such that q and q have no pair of disjoint neighborhoods; such {q, q } is called a branch pair. (This relation is not transitive.) Branch points of Q = M/L correspond to separatrices of the foliation L. For a given q ∈ Q there may exist infinitely many q ∈ Q such that {q, q } is a branch pair. The main difficulty with constructing functions on non-Hausdorff manifolds is that, given a branch pair {q, q }, a germ of a smooth function at q need not correspond to a smooth germ at q . (An example [24] is obtained by gluing two copies R 1 , R 2 of the real line R by identifying t > 0 in R 1 with t α ∈ R 2 ; no identifications are made for t ≤ 0. The resulting space Q α has the only branch points corresponding to 0 ∈ R 1 resp. 0 ∈ R 2 . The manifolds Q α for different values of α ≥ 1 are nondiffeomorphic. If α > 1 then the germ at 0 ∈ R 1 of any C 1 function on Q α has vanishing derivative and hence Q α is not regular (see below). If α is irrational then Q α does not admit any nonconstant real analytic function in a neighborhood of the union of the two branch points.)
A one dimensional manifold Q of class C r (not necessarily Hausdorff) is regular if any germ of a C r function at any point q ∈ Q is the germ at q of a global C r function on Q (Definition 2 in [24] , p. 116). Every Hausdorff manifold is regular. The following results are due to Haefliger and Reeb. We emphasize that the manifold M in corollary 4.6 need not be simply connected, but of course one gets a first integral only on a simply connected subset.
Assume now that (M, L) satisfies the hypotheses of theorem 4.2. Choose a compact set K in M . By lemma IV.1.6. in [19] there is a relatively compact domain A ⊂⊂ M , with K ⊂ A, whose boundary is of class C r and in general position with respect to L, meaning that any local defining function for L is a Morse function when restricted to bA and distinct critical points of these functions belong to distinct leaves of L ( [19] , Definition IV.1.4., p. 228).
A point p ∈ bA is a critical point of a local defining function for L (restricted to bA) precisely when the leaf L 0 ∈ L through p meets bA tangentially at p, i.e., it is a separatrix. By the choice of A all but finitely many leaves intersect bA transversely and hence the leaf space Q A = A/L A has at most finitely many branch points. Furthermore, since distinct points of contact of leaves with bA belong to distinct leaves, Q A has at most double branch points.
To complete the proof of theorem 4.2 it suffices to show the following. Proposition 4.7. An oriented, not necessarily Hausdorff one dimensional manifold of class C r (r ∈ {1, 2, . . . , +∞}) which is regular and has at most finitely many branch points admits a nowhere vanishing differential one-form of class C r−1 .
Proof. Fix an orientation on Q. Let x j , y j ∈ Q, for j = 1, . . . , k, be all pairs of branch points, i.e., x j and y j cannot be separated by neighborhoods but any other pair of distinct points of Q can be separated. (There are no multiple branch points by the choice of A.) Choose open coordinate neighborhoods x j ∈ U j ⊂ Q and orientation preserving C r diffeomorphisms h j : U j → I = (−1, 1) ⊂ R. By regularity of Q we can assume (after shrinking U j ) that h j extends to a C r function h j : Q → R. Also by regularity of Q the extended function has nonzero derivative at the point y j (which forms a branch pair with x j ); see [24] . Thus θ j = dh j is a nonvanishing one-form of class C r−1 in an open connected neighborhood V j ⊂ Q of the pair {x j , y j }. We may assume that the closures V j for j = 1, . . . , k are pairwise disjoint.
Choose a smaller compact neighborhood E j ⊂⊂ V j of {x j , y j } such that V j \E j is a union of finitely many segments, none of them relatively compact in V j . (In fact we have three segments for a suitable choice of E j .) Set V = ∪ k j=1 V j and E = ∪ k j=1 E j . Then Q 0 = Q\E is an open, one dimensional, paracompact, oriented Hausdorff manifold, hence a union of open segments and one-spheres. Any onesphere in Q 0 is a connected component of Q; choosing a nonvanishing one-form on it (in the correct orientation class) does not affect any choices that we shall make on the rest of the set. We do the same on any open segment of Q 0 which is a connected component of Q. 
are nonvanishing one-forms on I 0 resp. on I 1 , both positive with respect to the standard orientation of R. Choose a one-form τ on (−1, 1) which agrees with the above forms near the respective end points −1 and +1 (obviously such τ exists). Then (φ −1 ) * τ is a one-form on J = φ(I) ⊂ Q 0 which agrees with θ j in a neighborhood of E j and with θ l in a neighborhood of E l . Similarly we deal with the case that J intersects only one of the sets V j . Performing this construction for each of the finitely many segments J ⊂ Q 0 which intersect V we obtain a nonvanishing one-form on Q.
Suppose now that M is a compact Levi-flat hypersurface, either without boundary or with boundary consisting of Levi leaves. In this case the stability theorems of Reeb and Thurston ( [19] , II.3; [11] , §6.2) imply the following. If M is as in theorem 4.8 and L is assumed to be without holonomy (but we do not assume the existence of a compact leaf), one has the following dichotomy [11] , p. 206: (i) either L has a compact leaf, and then all leaves are compact and L is given by a submersion of M onto S 1 or [0, 1] (so theorem 4.8 holds); or (ii) all leaves are dense in M , and in this case L need not be given by a closed one-form (see the examples in Chapter 9 of [11] ).
Levi-flat hypersurfaces with a finite fundamental group
The following result, together with theorem 3.4, establishes theorem 1.1 in case that hypothesis (c) holds. Let ⊂ M be a smooth embedded arc transverse to L. We claim that each leaf L ∈ L intersects in at most one point (and hence L is a simple foliation). If not, we find a subarc τ ⊂ whose endpoints x 0 and x 1 belong to a L. Connecting x 1 to x 0 by an arc τ ⊂ L we get a closed loop λ = τ · τ ⊂ M . Using the triviality of the normal bundle to L along τ one can modify λ in a small tubular neighborhood of τ into a closed transversal λ to L ( [19] , p. 228, 1.2. (iii)). Since we have seen that a closed transversal does not exist, this contradiction proves the claim and shows that L is a simple foliation. By theorem 4.2 L is defined on any relatively compact subset ω ⊂ M by a smooth closed one-form α, and proposition 3.1 gives a smooth defining function v with dd c v flat on ω. If ω is simply connected then α = du for some u ∈ C ∞ (ω). Clearly u is constant on the leaves of L, i.e., a first integral of L| ω . Its asymptotic complexification f = u + iv is a smooth function in an open set U ⊂ X with U ∩ M = ω such that v is a defining function for ω and the forms ∂f , dd c u and dd c v are flat on ω (see the proof of proposition 3.1).
Note that, by [17] , there is no pluriharmonic defining function for ω even if M is real analytic and ω is contractible.
Vanishing of foliation cohomology
Let (M, L) be a C r foliated manifold. Denote by C r L the sheaf of real C r functions on M which are constant on the leaves. If L is a Levi foliation of a Levi-flat hypersurface M then C r L is the sheaf of real valued CR functions of class C r on M .
Theorem 6.1. Let L be a transversely orientable codimension one foliation of class C r on a manifold M (r ∈ {2, 3, · · · , ∞, ω}). If H 1 (M, C r−1 L ) = 0 then L is given by a closed, nowhere vanishing one-form of class C r−1 . Theorem 6.1 establishes the implication (e)⇒(a) in theorem 1.1. The cohomology group H 1 (M, C r L ) may be understood as aČech or a de Rham group [36] .
Proof. Transverse orientability of L implies the existence of a C r vector field ν on M which is transverse to L. Choose a transversely oriented C r foliation atlas 
defines an isomorphism between the two sheaves (the group operation is additive on the first sheaf and multiplicative on the second). The hypothesis H 1 (M, C r−1 L ) = 0 therefore implies that, after passing to a finer L-atlas, the cocycle b ij is a coboundary,
We have thus obtained functions u j ∈ C r R (U j ) (j ∈ J) which are constant on the plaques in U j and satisfy ν(u i ) > 0 on U i , ν(u i ) = ν(u j ) > 0 on U ij . Assuming as we may that the sets U ij are connected, it follows that the differences c ij = u j − u i on U ij are real constants and hence the differentials du i define a closed nowhere vanishing one-form α on M with ker α = T L. Problem 6.2. Find sufficient conditions for H 1 (M, C r L ) = 0.
A Levi-flat hypersurface with a worm domain on each side
The example in this section has been suggested to us by J.-E. Fornaess. The failure of theorems 1.1, 1.2 and corollary 1.4 in this example justifies the hypotheses (a), (b) and (c) in theorem 1.1.
Denote by (z, w) the coordinates on C * ×C. Let M ⊂ C * ×C be the real-analytic hypersurface defined by the following equivalent equations:
M :
(we i log z ) = 0 ⇐⇒ (we i log |z| ) = 0.
Indeed, the functions under parentheses differ only by the positive multiplicative factor e arg z . The first function is multivalued pluriharmonic and hence M is Leviflat. Introducing the holomorphic map Φ : C 2 → C * × C, Φ(ζ, t) = e ζ , te −iζ , one sees that M = Φ(C × R). The restriction Φ(· , t) to a leaf C × {t} ⊂ C × R gives a parametrization of the corresponding leaf
in the Levi foliation L of M . This parametrization is biholomorphic if t = 0 (so L t C) while for t = 0 it is the covering map C → L 0 = C * × {0}, ζ → (e ζ , 0). The line E = {(1, s) : s ∈ R} ⊂ M is a global transversal for L, and for every
to which all other leaves L t approach spirally. Identifying E with R we see that the holonomy of L 0 along the positively oriented circle |z| = 1 is s → se −2π . The space of leaves M/L is the union of a point representing L 0 and two closed circles, each representing the leaves L t for t > 0 resp. for t < 0. The foliation is simple in the complement of L 0 .
Writing h(z, w) = we i log z we see that the restriction to T (M \L 0 ) of the closed holomorphic one-form
There is no such closed one-form in any neighborhood of L 0 due to nontrivial holonomy.
The hypersurface M divides C * × C in two connected components
which have the essential properties of a worm domain (Diederich and Fornaess [13] ). Consider the family of complex annuli
A calculation shows that
If f is a holomorphic function in a small neighborhood U of the annular set A 0 = {(z, w) ∈ M : e −π/2 ≤ |z| ≤ e π/2 , |w| ≤ 1} then by analytic continuation along the family of annuli R s , s ∈ [−1, 1], we obtain a holomorphic extension of f to a neighborhood of the Levi-flat hypersurface R = ∪ s∈[−1,1] R s which therefore belongs to the holomorphic hull of A 0 . Since R intersects both M + and M − , we see that theorem 1.1 fails, and likewise theorem 1.2 fails for any strongly pseudoconvex domain D ⊂ C * × C containing A 0 . Corollary 1.4 fails as well, which is seen as follows. With D as above set
The above discussion shows that R ⊂ K and hence Ω is a proper subset of D + . By [29] and [34] every continuous CR function on ω extends holomorphically to Ω. Since Ω is pseudoconvex [43] , there exists a function f ∈ O(Ω) ∩ C(Ω ∪ ω) which does not extend holomorphically to D + .
Since the Levi foliation of M is simple in the complement of the leaf L 0 = C * × {0}, our results apply on M \L 0 = M ∩ (C * × C * ).
We mention that (non)continuation of holomorphic functions across Levi-flat hypersurfaces with singularities was also considered by E. Bedford [8] .
Piecewise real analytic Levi-flat hypersurfaces
In this section we show that the standard constructions with codimension one foliations can be performed in the class of piecewise real analytic Levi-flat hypersurfaces. We also discuss the compact Levi-flat hypersurfaces. 8.1. Complexification of a piecewise real analytic foliation. Let Σ be a real analytic manifold (open or closed, with or without boundary, not necessarily orientable). Suppose that Σ = D 1 ∪· · ·∪D m where D j ⊂ Σ are closed domains with real analytic boundaries bD j such that for j = k the intersection D j ∩ D k is a union of connected components of bD j and bD k (possibly empty). Assume that F j is a real analytic foliation of codimension one in an open neighborhood of D j in Σ such that bD j is a union of leaves of F j . The foliation F of Σ whose restriction to D j equals F j | Dj has real analytic leaves and is continuous in the transverse direction. If the foliations on two adjacent domains match up to order r along the common boundary components then F is a piecewise real analytic foliation of class C r of Σ. (This is a special case of the tangential gluing of foliations; [11] , §3.4.) A pair of codimension one foliations match up to order r along a common boundary leaf L if and only if their holonomies along any closed loop γ ⊂ L are tangent to the identity map to order r on their respective sides of a local transversal to L at a point x 0 ∈ γ (Proposition 3.4.2 in [11] , p. 91).
Suppose now that Σ is embedded as a real analytic maximal real submanifold in a complex manifold (X, J), meaning that T
(Every real analytic manifold Σ can be realized as a maximal real submanifold of a Stein complexification. If dim Σ = 3 and Σ is orientable then it admits a maximal real embedding in C 3 [3] , [16] , [21] .) If F is a real analytic codimension one foliation of Σ then by complexifying its leaves we obtain a Levi foliation on a real analytic Levi-flat hypersurface M ⊂ X which is defined in an open neighborhood of Σ in X. Along Σ we have T M = T F ⊕ J(T F) ⊕ N where J is the complex structure on X and N T Σ/T F is the normal bundle of F in Σ.
The same applies to a piecewise real analytic foliation F of Σ described above. If F is of class C r then the complexifications of the individual foliations F j on D j match to order r along the common boundary components and define the Levi foliation of a piecewise real analytic C r hypersurface M = M 1 ∪ · · · ∪ M m such that the Levi foliation L j of M j is the complexification of F j . The common boundary of M j and M k (if not empty) is a union of complex leaves. The foliated manifolds (M, L) and (Σ, F) have the same structure (in particular, the same space of leaves).
8.2.
A complexified Reeb foliation. (For the standard C ∞ Reeb foliation see examples 1.1.12 and 3.3.11 in [11] .) Choose integers n, r ≥ 1. Let (x, t) be coordinates on R n × S 1 . Choose a strictly increasing polynomial function λ : R → R satisfying λ(0) = −π/2, λ(1) = 0, λ(4) = π/2, whose derivatives up to order r vanish at 0, 1, 4. The one-form
is real analytic and nonvanishing on R n × S 1 . From dω ∧ ω = 0 we infer that ω determines a codimension one foliation F of R n ×S 1 . Its restriction to T = D n ×S 1 (D n = {x ∈ R n : |x| ≤ 1}) is a Reeb foliation of T (a Reeb component) with the only closed leaf F 0 = bD n × S 1 = S n−1 × S 1 to which all other leaves spirally approach.
This foliation is not defined by a closed one-form in any neighborhood of F 0 due to nontrivial holonomy along the loops {x} × S 1 (|x| = 1); this holonomy is flat to order r. The restriction of F to {|x| < 1} × S 1 is a simple foliation given by a fibration over S 1 .
We decompose the three-sphere S = S 3 in a union T 1 ∪ T 2 of two solid tori diffeomorphic to D 2 × S 1 , with T 1 ∩ T 2 = bT 1 = bT 2 = F 0 S 1 × S 1 . Endowing each T j with a Reeb foliation F j described above one obtains a piecewise real analytic Reeb foliation F of S whose Reeb components match to order r ∈ N along the boundary leaf F 0 (for the C ∞ case see Example 3.4.4 in [11] , p. 93). Embedding S as a real analytic totally real submanifold of C 3 [1] and complexifying F we obtain a piecewise real analytic Levi-flat hypersurface M ⊂ C 3 whose Levi foliation has the same structure (and the same leaf space) as the Reeb foliation of S 3 . M admits an asymptotically defining function in the complement of the leaf L 0 which is the complexification of the torus leaf F 0 ⊂ S since the foliation is simple on M \L 0 ; hence our results apply on M \L 0 . However, there is no such function in any neighborhood of L 0 due to nontrivial holonomy. If U is sufficiently thin then a positive answer is obtained by observing that M admits a transverse holomorphic vector field in a neighborhood of S. Indeed, there is a smooth vector field ν on S which is transverse to F; since S is totally real in C 3 , we can approximate ν by a holomorphic vector field w defined in a neighborhood of S in C 3 , and Jw is then transverse to M near S.
In this connection we mention a theorem of Novikov [38] to the effect that every C 2 foliation of S 3 by surfaces contains a Reeb component. According to Barrett [4] the C ∞ Reeb foliation on S 3 itself cannot be realized as the Levi foliation of a smooth Levi-flat hypersurface [4] . 8.3. Turbulization and spinning. Let F be the foliation in §8.2 but considered now on {|x| ≤ 2}×S 1 . Since λ(4) = π/2 and the derivatives of λ up to order r vanish at 4, the form ω is tangent to dt to order r along the torus T = {|x| = 2} × S 1 , and hence F matches along T to order r with the trivial (horizontal) foliation F 0 of R n × S 1 with leaves {t = c}. Let F turb denote the foliation of R n × S 1 which equals F on {|x| ≤ 2}×S 1 and equals F 0 on {|x| ≥ 2}×S 1 . This deformation of F 0 , known as turbulization (tourbillonement), can be made in a small tubular neighborhood of any closed transversal γ in a codimension one foliation and produces a new Reeb component along γ. In the real analytic case it can be made by a piecewise real analytic deformation which is suitable for complexification, thus given Levi-flat realizations of turbulization.
A similar spinning modification can be made at a boundary component S ⊂ bM of a foliated manifold (M, F) provided that every leaf of F intersects S transversely and the induced foliation {F ∩ S : F ∈ F} is determined by a closed one-form on S (Example 3.3.B in [11] , p. 84). This modification changes S into a closed leaf of a new foliation F spin which is then suitable for tangential gluing along S. If all data are real analytic then by a simple modification of the standard construction F spin can be made piecewise real analytic and smooth to a given finite order. The Reeb component F on D n × S 1 in §8.2 is obtained by spinning the trivial foliation with leaves D n × {t} along the boundary bD n × S 1 .
8.4.
A Levi-flat M 5 ⊂ C 3 with an exceptional minimal set. Let Σ 2 denote the closed connected surface of genus 2 with a real analytic structure. There is a real analytic foliation F of Σ 2 × S 1 obtained by suspending a pair of real analytic diffeomorphisms h 0 , h 1 ∈ Diff ω (S 1 ) of the circle over a pair of generators of the fundamental group π 1 (Σ 2 ) (Example 4.1.6 in [11] , p. 104). A suitable choice of h 0 and h 1 insures that F has an exceptional minimal set K (which is the unique minimal set of F). The intersection of such K with any transverse arc to F gives a Cantor set in that arc. Such K always contains a leaf with nontrivial holonomy and hence the foliation is not given by a closed one-form. Embed Σ 2 × S 1 as a real analytic totally real submanifold of C 3 [15] and complexify F to obtain a real analytic Levi-flat hypersurface M 5 ⊂ C 3 , diffeomorphic to Σ 2 × S 1 × D 2 , whose Levi foliation contains an exceptional minimal set.
8.5.
Compact real analytic Levi-flat hypersurfaces. Every orientable real analytic foliation L of codimension one on a real analytic three-manifold M can be realized as the Levi foliation on an embedded real analytic hypersurface M ⊂ X in a complex surface X [5] . (The corresponding result in higher dimension requires that T C M admits a complex structure operator J satisfying the Newlander-Nirenberg integrability condition on the leaves, [25] .)
Examples of compact, real analytic, three-dimensional Levi-flat hyersurfaces include boundaries of holomorphic disc bundles over compact Riemann surfaces [14] , manifolds obtained as quotients of real hyperplanes in C 2 under a group action, and hypersurfaces obtained by intersecting a compact projective surface X ⊂ P n by a generic real hyperplane Γ ⊂ P n [37] . (P n itself does not admit any compact smooth Levi-flat hypersurfaces [12] , [42] .) In the latter case it may happen that both connected components Ω ± of X\M (where M = X ∩ Γ) are Stein domains. Such M cannot admit a pluriharmonic defining function v since the level sets {v = c} for small c = 0 would be compact Levi-flat hypersurfaces in a Stein domain, contradicting the maximum principle for strongly plurisubharmonic functions. (A two dimensional Stein domain with compact Levi-flat boundary does not even admit a plurisubharmonic defining function [37] , Corollary, p. 4.)
In [5] Barrett discussed real analytic Levi-flat structures on the three-torus T 3 , motivated by Ohsawa's example [39] . An interesting feature of the class which he investigated is that the existence of a pluriharmonic defining function is equivalent to triviality of the holonomy of its Levi foliation (Theorem 1 in [5] ). Barrett also gave an example of a real analytic Levi-flat three-manifold with trivial holonomy and without a pluriharmonic defining function (Theorem 3 in [5] ); its construction uses a real analytic diffeomorphism of the circle which is topologically but not diffeomorphically conjugate to a rotation.
In [7] the authors proved that that every C ∞ Levi-flat three-manifold is diffeomorphic to S 2 × S 1 or to a compact quotient of R 3 by a lattice. Their methods do not apply directly to foliations of a finite smoothness class, and it does not seem clear what (if any) topological obstruction on M can be inferred from the existence of a piecewise real analytic Levi-flat structure on M .
